CHUONG 4
NOI SUY VA PHUONG PHAP BINH PHUGNG BE NHAT

4.1 NOI SUY DA THUC
4.1.1 Van dé ndi suy

Trong thuc té nhiéu khi phai phuc hdi mot ham sé f(x) tai moi gid tri ciia x
trén doan a < x < b ma chi biét mot sé hifu han gid tri clia ham sd tai mot sé hifu
han c4c di€m rdi rac cia doan dé. Cac gia tri d6 dugde cung cip qua thuc nghiém
hay tinh todn. Vay ta ¢6 van dé toan hoc sau :
Trén doan a < x < b ¢é mot ludi cac diém chia ( ta goi cac diém chia nay 1a mit)

X, 1=0,1,2,...,n tic la a < X, X, Xy, .. , X, < b tuiong ting tai cac x; ta co gia tri
cta ham sé y = f(x) 1a y;, = f(x,) nhu trén bang sau:
Bang 4-1
X ‘ X, X X, .. X, | X,
y ‘ Yo ¥ Y2 - Yo ¥n

Bay gid ta phai tim ham f(x) dudi dang mot da thiic dua vao bang trén day.
Gia su ta xay dung dugc da thiic bac n : p(x) =a,x, + a,x,, + ...+ a,,X + a,. Sao
cho p,(x) trung vdi f(x) tai cac nut x,, tic la p(x;) =y, i = 0,1,2,..,n . Da thuc
p.(X) goi 1a da thdc ndi suy cia ham f(x). Ta chon da thic dé noi suy ham f(x) vi
da thic 1a loai ham don gian, ludn ¢6 dao ham va nguyén ham, viéc tinh gid tri
cling d& dang. Ta ¢ p,(X) = ((a,x +a,)x +a,) ...) +ta, Do dd ¢ so dd Hoocne
tinh gia tri p,(c):

b, =a,, b, =b,c +a,, b, =b,c +a,, ... ,b,=b,,c +a,=p,(c)
4.1.2 Su’ duy nhit ciia da thic ndi suy

Dinh Iy 4.1 Pa thic noi suy p,(x) ctia ham sé f(x) dinh nghia § trén néu ¢
thi chi co mot ma thoi.

Chiing minh: Gia su c¢6 hai da thic p,(x) va q,(X) cung nodi suy cho mot
ham f(x) Luc do ta phai c6 :

Pa(X) =i du(X) =Y;

Vay hiéu p,(x) - q,(x) la mot da thuic co bac <n lai triét tiéu tai n + 1 gia tri khac
nhau x; vi p,(x;) - q,(x) = y; - y; = 0. Do d6 p,(x) - q,(x) phdi dong nhat khong,
nghia 13 p,(x) = q,(x). Da thic noi suy c¢6 thé xay dung bing nhiéu cach, nhung
vi nd ¢6 tinh duy nhét, nén tit ca cac dang clia nd déu c6 thé quy vé nhau dugc.
4.1.3 Da thiic ngi suy Lagrangio

Duéi day ta xay dung da thic noi suy theo kiéu Lagrangic. Goi L(x) la:
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(X=X )X =X, )X =X ;)X =X )
(Xi N XO)"'(Xi N Xi—l)(xi - Xi+l)"'(xi N Xn)

~ . . . 1 j =i
R0 rang I}(x) la da thuc bac n va Ii(x)) = {0 JJ - |i

1. (X)=

(4-1)

Ta goi do 1a da thiic Lagrangio co ban.
Bay gid ta thiét 1ap biéu thic
P, () =2 y1,(x (4-2)
i=0

Ta thdy p,(x) via la mot da thic bac n vi cac I(x) ¢ bic n via théa man dinh
nghia p,(x;) = y; vi (4-1. Vay p,(x) xac dinh theo (4-2) la mét da thiic ndi suy. Ta
g0i no la da thiic ngi suy Lagrangio.

4.1.4 Mot s6 truong hop hay gip va thi du

1) Néi suy bdc nhdt ( néi suy tuyén tinh)

Véin =1 ta c¢d lidi trong bang duidi:

Bang 4-2
| X9 X
‘ Yo yi
Da thiic ndi suy (4-2) s¢ la:
P1(X) = yolo(x) +y1i(x) (4-3)
X — X X — X
1, (X) = ~; 1, ()= °
Xo =% X, =X,
Do do p,(x)=Y, 7% +Y, X%
X =X X =X,
Da thic p,(x) 1a bac nhat d6i véi x c6 dang Ax + b.
2) N¢i suy bdc hai
Véin =2 taco ludi
Bang 4-3
‘ X9 X X2
‘ Yo Y1 Y2

Da thiic noi suy (4-2) 1a :
P2(X) = ¥olp(%) + ¥, (%) + y,15(x) (4-4)
(X =%)(X=X,)
I,(x) = = 2
(Xo - Xl)(XO - Xz)
(X x)(x-x,)

B (X1 - XO)(Xl - Xz)

1,(x)
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_ (X=X, )(X=X,)

B (X, =%,)(X, = X,)

Pa thic p,(x) 1a mot da thiic bac hai d6i véi x c6 dang Ax* + Bx + C.
3) Thidu ap dung

1,09

Cho Iudi
Bang 4-4
x | 2 3 4
y | 17 275 76 210,5

Hay thiét 1ap da thiic noi suy.

Gidai : Ta ¢d n =3 da thiic ndi suy la da thiic bac ba. Theo (4-2) ta co:
(x=2)(x—=3)(x—-4) 975 (Xx=)(x-3)(x—4) N

p,(x)=17 ,
1-2)1-3)(1-4) 2-1)(2-3)(2-4)
L 76 XD =2)(x-4) 2105 (x=1(x=2)(x-3)
(3-1D(3-2)(3—-4) 4-D(4-2)(4-3)

Sau khi rut gon ta dudc :
p3(x) = 8x’ - 29x* + 41,5x - 3,5
4.1.5 Sai s ndi suy va van dé chon mit ndi suy
Dinh Iy 4-2. Néu ham f(x) lién tuc trén [a,b} va cd trong (a,b) dao ham
dén cip n+1 thi sai s6 noi suy r,(x) = f(x) -p,(x) ¢o biéu thic :

£ (n+) 7(X) _
r (x)=f"?(c) el cela,b] (4-5)
Trong do  w(X) = (XX, )(X-X;)...(X"X,) (4-6)

Dinh 1y ndy c6 nghia 1a néu tai mot gid tri x4c dinh x € [a,b] ta thay f(x)
béi p,(x) cho don gian thi ta pham phai mot sai sé tinh béi (4-5).

Chii thich : Sai s6 ndi suy r,(x) phu thudc vao da thiic n(x) tic 1a phu
thudc su phan bd cac nut x; trén doan [x,,x,]. Trong trudng hop cac nut cach déu
(hinh 4-1 véi n = 4) ta thdy |n(x)| nhé khi x 6 khoang gilia clia x,, X, 16n dan khi
x ra gin hai mut va cang 16n khi x vugt ra ngoai khoang dé. Vay liéu ¢ thé chon
cac nut x; khong cach déu sao cho |n(x)| "bé nhat" dugc khong? C6 cau tra 16i 1a
véia=-1,b =1 thi cdc nut t6i vu dd 1a :

20+1 7«

X =C0S = i=0,1,....,n (4-7)

n+1

Do la cac nghiém cua da thiic Trébusép: T (x)= Zincos[(n +1)arccos X]
Luc do ta ¢é m(x) = |T,,,(x) |szin. Céc nut (4-7) thua 6 khodng gitia doan [-1,1]

va mau dan 6 gan hai nut -1,+1 (hinh 4-2).
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2x—a-b
b-a
vé khoang -1< t < 1 r6i chon c4c nut t, theo (4-7).

Khia#-1vab=#1 tadung phép doi bién t= dé dua khoanga <x <b

A

N \/ 1 x5 X, X X 1

Hinh 4-2
Hinh 4-1

4.1.6 Noi suy bing da thiic Niuton
Ta xét mot phuong phap khac dé tim da thiic ndi suy phucng phap Niuton.
e Khai niém ty hiéu
Gia s ham f(x) c6 ludi da cho nhu trong bang 4-1.
Ti hiéu cap mot clia y tai x;, x; 1a :

(v, =)
yIx, x;1= J
(Xi - Xj )
Ti hiéu cap hai clia y tai x,, x;, X, 1a
(y[xi ) Xj]_ y[xjvxk])

(Xi - Xk)
Va tiép tuc nhu thé ta ¢ cac ti hiéu cip cao hon.
Vi y(x) = P,(x) 12 mot da thiic bac n thi ti hiéu cip mot tai x, x, 13 :
P (x)—P (x
Pn[X’XO]:[ L (X) =P (X,)]
(X=X,)

la mot da thiic bac n-1. Ti hiéu cap hai tai x, x,, X, 1a :
(P.[x, X, 1= P [%,,x.1)
(X=x,)
La mot da thiic bac n-2, v.v.. va téi ti hiéu cAp n+1 thi :
P.[x, X, ...,.X,] =0

y[Xi,Xj,Xk]:

P [x X, X ]=

Tui cac biéu thiic trén ta suy ra:
Pn(X) :Pn(XO) + (X h XO)Pn[Xn XO]
P.[X, Xo] = P[Xq, X;] + (X - %) P,[X, X, Xy]
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Pn[Xa XO) Xl] = Pn[X07 Xla X2] + (X - XZ) Pn[X: XOa Xla XZ]

P [X Xseees Xp- 1] P [Xoa 9 n] + (X - Xn) Pn[X7 Xpeees Xn]

Chuy dén P[x, X, ....x,] =0 taritra :
P.(X) = P, (Xo) + (X - Xp)P,[Xg, X;] + (X - Xp)(X = X))P,[ X, X;, X, + ..
’ + (X - Xg)o(X = X,p) P[Xgseeer X,] (4-8)
Néu P (x) = p,(x) 1a da thiic noi suy cia ham y = f(x) thi :
P.(x)=p,(x) =y, v6ii=0,1,2,.n.
Do viy céc ti hiéu tii cdp mot téi cdp n cliaPn va y trong cong thiic (4-8) 1a
trung nhau.
Vi vay thay cho (4-8) ta co :
Pa(X) = ¥o t (X = Xo) ¥[Xo, X1] + (X = X)(X = X;) ¥[Xo, X5 Xo] + ...
+ (X = Xg)ee (X = X)) Y[ Xpseror X, (4-9)
Da thic nay goi 1a Da thiic Niuton tién xuat phat tii nut x, clia ham y = f(x).
Ta cling tinh dudc da thic Niuton 10i xudt phat tf nit x, cda ham y = f(x) 1a :
P(X) = Yo + (X~ Xp) Y[Xp Xpi] + (X - X)X = X)) YK Xops Xpo] + o
(X X)X~ Xy p) e (X7 X)) YKy, s X (4-10)
*Chiy: 1)Theo dinh nghia ti hiéu cd tinh chét d6i xuing :
yIxi, ] = yIx;, i
YIXi X Xi] = Y[Xp X5 X

2) Da thiic Niuton (4-9) trung vdi da thic Lagrangio, nhung thiét 1ap céach
khdc. Theo cach cta Niuton khi thém mot nut x,,, vao ludi ndi suy ta chi phai
thém vao p,(x) mot s6 hang :

P (%) = Do) + (X = X0)-rs(X = Xy )X = X) Y Xgpes XX |
ma khong phdi xay dung lai tit cd cic da thiic co ban nhu cdch thiét 1ap cla
Lagrango.
4.1.7 Truong hgp mit cach déu

Gia st c4c nut x; cach déu, tic 1 :

X;=X,+1h, 1=0,1,2,....n
1) Khdi niém sai phén tién

Sai phan tién cp mot tai i : Ay. =y, -y,
Sai phan tién cp hai tai i : A%y, = A(AY) = Viss - 2Yiy T Y,
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Sai phéan tién cApntaii: A"y, = A(A™y,)

Khi dd ta co :
Ay
y[XO,X1]=T°
2
y
Xy X, X, 1= tho
A"y,
Y[Xgrn X, 1= o
Bay gid ta dit x = X, + ht trong da thiic Niuton tién (4-9) ta c6 :
t(t -1 tt-1..t-n+1) .
a0 |y =y +ty + Dy o HOEDCENED 0y gy

Goi 12 Pa thiic Niuton tién xuét phat tii x, trong trudng hop nut cach déu.
Véin=1taco:

pl (X) |x:x0+ht = yO + tAyO
Véin=2taco:
t(t—1)

pZ(X) |x:x0+ht = yO +tAy0 + AZ yO

2) Khdi niém sai phdn lui

Tuong ty nhu khai niém sai phan tién ta c6 cdc sai phan i tai i duge xdc dinh :
VY=Y Y,
szi =V(VWW) =Y, =2y, +Yi,

Ta c6 da thiic Niuton Ui xudt phat tii x, trong tridng hdp nut cach déu :
tt+1) +t(t+1)...(t+n—1)Vn

p.(X) |X:X0+ht =y +tVy + o Viy + . y, (4-12)
4.1.8 Thidu
Cho 1udi gia tri ( Day cling chinh 1a cac gia tri cia ham sinx) :
Béng 4-5
x | o 0,2 0,3 0,4
y | 0,09983 0,19867 0,29552 0,38942

Hay tinh gid tri gan dung tai y(0,14) va y(0,46)
Giai : Dya vao ludi ta tim ham y dudi dang mot da thic néi suy.
Ta thdy cdc nit § day cach déu véi h = 0,1 nén ta ap dung da thiic Niuton.
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Ta 1ap bang sai phan :

Bang 4-6

i X y Ay A%y Ay
0 0.1 0.09983

0.09884
1 0.2 0.19867 -0.00199

0.09685 -0.00096
2 0.3 0.29552 -0.00295

0.09390
3 0.4 0.38942
i X y Vy Viy Viy

a) Tinh y(0,14) vi 0,14 < 0,1 < 0,2 nén ta dung da thiic Niuton tién xuét phat ti
X, = 0,1 véi h = 0,1 dua vao c4c sai phan tién di xuéng & bang 4-6 (gach dudi
mot gach) :

p(x) |x:0 Lot = 0,09983 + 0,09884 — t(t —1)

0,00199 —
21

0,00096

t(t-1)(t -2)
|

Ung voix=0,14tacd 0,14 =0,1 + 0,1t = t = 0,4. Thay vao vé phai ta tinh dudc
y(0,14) ~ p(0,1 + 0,1.0,4) = 0,13954336.
Sai s tinh theo cong thic (4-5). Trudng hop nay ta biét y(x) = sinx va n = 3 nén:
|sin, ., (x)| = [sin"(x)| = |sinx| < 1
n(x)=(x-0,1)(x-0,2)(x-0,3)(x-0,4)
n(0,14) = (0,14 - 0,1)(0,14 - 0,2)(0,14 - 0,3)(0,14 - 0,4)< 10™

-4
Theo (4-5) ta ¢ [sin(0,14) - 0,13954336| < 1‘2“ <4210
Ta théiy ring s6 0,13954336 ¢6 nhiéu chd s6 dang nghi ta qui tron dén 5 chi s6
lé thap phan : y(0,14) = sin(0,14) = 0,13954 £ 107

b)Tinh y(0,46) = sin(0,46). Vi 0,46 > 0,4 ta dung da thiic Niuton 10i xuat phat tu
x; = 0,4. Dya vao cdc sai phan lui (gach dudi hai gach) trong bang 4-6:

PO) |00y =0:38942 +1.0,09390 + “tz—fl),o,oozgs _ W0,000%

Vi x = 0,46 ta c6 0,46 = 0,4 + 0,1t = t = 0,6. Thay t = 0,6 vao vé phai § trén ta
tinh dudc : Sin(0,46) ) ~ p(0,4 + 0,1.0,6) = 0,4439446

Sai s6 tinh theo (4-5) nhui trén ta ¢d [sin(0,46) - 0,4439446| < 3,8.10°

Ta quy tron dén 5 chi s6 1 thap phan dudc sin(0,46) = 0,44394 + 107

Nhan xét : Sai s6 khi tinh sin(0,46) gip 5 1an khi tinh sin(0,14). Béi vi 0,46
¢[0,1;0,4] tc la ta phai "ngoai suy" con 0,14€[0,1;0,4] dung la ndi suy.
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4.2  phuong phap binh phucng bé nhét
4.2.1 Khai niém
Gia su ¢6 hai dai lugng (vat ly, héa hoc, c¢o hoc,...) x va y ¢ lién hé phu thudc
nhau theo mot dang da biét, che“ing han :
I. y=a+bx

2. y=a+bx+cx?

3. y=a+bcosx + csinx
4. y=ae™

5. y=ax’

Nhung chua x4c dinh cuy thé dudc ham vi chua tim dudc cic tham sé a, b, c. D&
xac dinh chung ta phai xdc dinh cdc cip gia tri tuong ung (x,y,), i = 1,2,..,n. Tic
12 phai biét mot 1udi gdm n nit xac dinh.

Bang 4-7
‘ X, X, X,
y ‘ yi Y2 ¥
Dua vao d6 chung ta x4c dinh cdc tham sb a, b, ¢ bing phucng phdp binh

phuong bé nhit.

4.2.2 Truong hop y = a + bx

Gid st y phu thudce x dudi dangy =a+bx khidd y,-(a-bx,)=¢;i=1,2,.n
1a cac sai so tai xi, do do

S=3(y, ~a-bx)’ (4-13)

La tong cac binh phuong cta cdc sai sé. S phu thudc a, b con céc x,, y; da biét.
Bay gi6 ta xac dinh a, b sao cho S 1a bé nhat Tic 1a tdng céc binh phuong cta sai
s6 1a bé nhat. Nhu vay a va b sé 1a nghiém ctia hé phuong trinh :
B o By (4-14)
oa ob
Tuc la
{na+b2xI =>y, (4-15)
azxi +bzxi2 :zxiyi
Tt bang 4-7 ta tinh ra cdc tong Ix, Ty, Ix7, Ix.y; thay vao hé (4-15) rdi giai hé
do ta tim dudc a, b.
Thi dy : Biét quan hé gitfa x va y ¢ dang y = a + bx va ¢6 ludi sau :
X -1,1 2,1 3,2 4.4 52
y 0,78 7,3 9,2 11,9 13,3
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Hay xac dinh a, b bing phuong phap binh phuong bé nhat.

Giai: Ta lap bang céc gia tri sau

Xj Yi X XiYi
-1,1 0,78 1,21 -0,858
2,1 7,3 4,41 15,33
n=>5 3,2 9,2 10,24 29,44
4.4 11,9 19,36 52,36
5,2 13,3 27,04 69,16
2 13,8 42,48 62,26 165,432

Tui bang ta viét duge hé phuong trinh :
5a+13,8b=4248
13,82+ 62,26b = 165,432
Gidi hé tacéd a=2,9939036 ~3 ; b=1,9935131 ~ 2. Vay c6 quan hé 1a :
y=3+2x
Ta thy tinh lai cdc gia tri cda y theo xi va so sanh vdi gia tri da cho nhu bang
dudi day :

X -1,1 2,1 3,2 4,4 5,2
y 0,78 7,3 9,2 11,9 13,3
y moi 0,8 7,2 9,4 11,8 13,4

Ta thdy sai s6 12 khd nhé ~ 2%
4.2.3 Truong hop cac quan hé khac
1) Truong hop y=a+bx+cx’vay=a+ b cosx + csinx
Nhiing trudng hop nay déu cd quan hé tuyén tinh déi véi a, b, ¢ nén ciing giai
quyét nhu trudng hop trén. Ching han y = a + bx + ¢x’ thi a, b, ¢ 1a nghiém cta
hé phuong trinh :

na+b) x +c) x*=>"y,

aY x, +b> x7+c> x*=>"xy,

azxiz + bzx{? +szi4 :zxizyi
3) Truong hop y =ae™ vay = ax’
Cac trudng hop nay cé quan hé phi tuyén d6i véi a, b nén ta thuc hién mot sd
bién doi.

D6ivdi y = ae® vdi a>0

L4y logarit thap phan hai vé ta c6 :
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lgy = 1ga + bxlge
bit Igy =Y, Iga= A, bloge =B, x = X ta co:

Y = A + BX day chinh la dang y = a + bx ta da xét § trén, Chu y ring tu
ludi s6 lidu x,y ta suy ra ludi s6 lieu X,Y véi X = x; Y = Igy. Tu d¢ ta tim dudgc
A,B.TuA,Btatimraa,b.

Déi véiy =ax®véi a>0,x> 0.

L4y logarit hai vé ta ¢ :

lgy = Iga + b Igx
Ditlgy =Y,lga=A,b=B,lgx=Xtacd:Y = A + BX ta lai gidi quyét nhu
trén.

BAI TAP
Céu 1 : Noi suy bing da thiic Niuton dé tim x sao cho f(x) = 3.756. Biét bang
gia tri sau :
X 50 52 54 56
f(x) 3.684 3.732 3.779 3.825
Ciu 2 : Tim f (x) tai x = 0.15. Biét:
X 0.0 0.1 0.2 0.3 0.4

f(x) 1.0000 0.9975 0.9900 0.9776 0.9604
Cau 3 : Tim s liéu con thiéu trong bang sau
X 0 1 2 3 4

y | 3 9 ? 81
X% +6x—3
X3 —2x% —=x+2

Cau 4 : Biéu dién phan thiic thanh tong cac phan thic téi gian.

Ciu 5 : Biét y c¢6 quan hé véi x dang y = a + bx + cx? va da biét ludi sau :

X 0.78 1.56 2.34 3.12 3.81
y 2.5 1.2 1.12 2.25 4.28
Hay xac dinh ham y(x).
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